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Abstract  Attribute reduction is one of the most important problems in rough set theory.
However, in real-world lots of information systems are based on dominance relation in stead
of the classical equivalence relation because of various factors. The ordering properties of
attributes play a crucial role in those systems. To acquire brief decision rules from the systems,
attribute reductions are needed. This paper deals with attribute reduction in ordered infor-
mation systems based on evidence theory. The concepts of plausibility and belief consistent
sets as well as plausibility and belief reducts in ordered information systems are introduced.
It is proved that a plausibility consistent set must be a consistent set and an attribute set is a
belief reduct if and only if it is a classical reduction in ordered information system.

Keywords Attribute reduction - Consistent set - Evidence theory - Rough set - Ordered
information system

1 Introduction

The rough set theory, proposed by Pawlak in the early 1980s [16], is an extension of sets
theory for the study of intelligent systems characterized by inexact, uncertain or vague infor-
mation and can serve as a new mathematical tool to soft computing. This theory has been
applied successfully in machine learning, pattern recognition, decision support systems,
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170 W.-h. Xu et al.

expert
systems, data analysis, data mining, and so on [11,17,18,26]. Recently, the theory has gen-
erated a great deal of interest among more and more researchers.

Another important method used to deal with uncertainty in information systems is the
Dempster—Shafer theory of evidence. It was originated by Dempster’s concept of lower and
upper probabilities [4], and extended by Shafer as a theory [20]. The basic representational
structure in this theory is a belief structure which consists of a family of subsets, called focal
elements, with associated individual positive weights summing to one. The primitive numeric
measures derived from the belief structure are a dual pair of belief and plausibility functions.

There are strong connections between rough set theory and Dempster—Shafer theory of
evidence. It has been demonstrated that various belief structures are associated with various
rough approximation spaces such that the different dual pairs of lower and upper approxi-
mation operators induced by rough approximation spaces may be used to interpret the corre-
sponding dual pairs of belief and plausibility functions induced by belief structures [22,28,
29,32].

It is well known that knowledge reduction is one of the hot research topics of rough set
theory. Much study on this area had been reported and many useful results were obtained
until now [1,13-15,23,30,33-35]. However, the original rough set theory approaches do not
consider attributes with preference-ordered domains, that is, criteria. In many real situations,
we are often face to the problems in which the ordering of properties of the considered
attributes plays a crucial role. One such type of problem is the ordering of objects. For
this reason, Greco, Matarazzo, and Slowinski proposed an extension of rough set theory,
called the dominance-based rough set approach(DRSA) to take into account the ordering
properties of criteria [5—10]. This innovation is mainly based on substitution of the indis-
cernibility relation by a dominance relation. Moreover, Greco, Matarazzo, and Slowinski
characterize the DRSA as well as decision rules induced from rough approximations, while
the usefulness of the DRSA and its advantages over the CRSA (classical rough set approach)
are presented [5-10]. In DRSA, condition attributes are criteria and classes are preference
ordered. Several studies have been made about properties and algorithmic implementations
of DRSA [2,3,12,19,21,24,25,27]. In particular, in [24], an algorithm for reduction of attri-
butes in ordered information systems has been given, based on generalization of the concept
of discernibility matrix. In this paper, we attempt to investigate attribute reduction in ordered
information systems basing on evidence theory and its strong relations with rough set theory.

The organization of the paper is as follows. In Sect. 2, we give some basic notions of rough
set and ordered information systems. In Sect. 3, evidence theory in ordered information sys-
tems have been constructed. And we provide an approach for transforming from approxima-
tions to belief structures of ordered information systems in this section. In Sect. 4, the notions
of belief and plausibility reductions in ordered information systems are proposed and the rela-
tionships between the new concepts of reductions and the classical reduction are examined.
We then conclude the paper with a summary and out-look for further research in Sect. 5.

2 Rough sets and ordered information systems
The following recalls necessary concepts and preliminaries required in the sequel of our work.

Detailed description of the theory can be found in the source papers [6,8—10]. A description
has also been made in [35].
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Attribute reduction in ordered information systems based on evidence theory 171

The notion of information system (sometimes called data tables, attribute-value systems,
knowledge representation systems, etc.) provides a convenient tool for the representation of
objects in terms of their attribute values.

An information system is an ordered triple Z = (U, A, F),where U = {x1,x2, ..., x,} 1S
anon-empty finite set of objects called the universe,and A = {ay, aa, . .., a,}is anon-empty
finite set of attributes, such that there exists amap f; : U —> V,, forany a; € A, where V,
is called the domain of the attribute @;, and denoted F = { f;|a; € A}.

In aninformation systems, if the domain of an attribute is ordered according to a decreasing
or increasing preference, then the attribute is a criterion.

Definition 2.1 (See [6,8,9]) An information system is called an ordered information sys-
tem(OIS) if all condition attributes are criteria.

Assumed that the domain of a criterion @ € A is complete pre-ordered by an outranking
relation >, then x >, y means that x is at least as good as y with respect to criterion a. And
we can say that x dominates y. In the following, without any loss of generality, we consider
criterions having a numerical domain, that is, V, € R(R denotes the set of real numbers).

We define x > y by f(x,a) > f(y, a) according to increasing preference, where a € A
and x, y € U. For a subset of attributes B C A, x >p y means that x >, y forany a € B,
and that is to say x dominates y with respect to all attributes in B. Furthermore, we denote
x >p yby ng y. In general, we denote a ordered information systems by 7= = (U, A, F).
Thus the following definition can be obtained.

Definition 2.2 (See [6,8,9]) Let Z= = (U, A, F) be an ordered information, for B C A,
denote

R ={(x,y) e U x U|fi(x) = fi(y),Va; € B};

Rl% are called dominance relations of ordered information system Z=.

Let denote
[xil5 = {xj € Ul(x), x:) € R3}
= {x; e Ulfi(xj) > fi(xi),Ya; € B};
U/R5 = {[xil5lxi € U},
where i € {1,2,...,|U|}, then [xi]g will be called a dominance class or the granularity of

information, and U /Rlig be called a classification of U about attribute set B.
The following properties of a dominance relation are trivial by the above definition.

Proposition 2.1 (See [6,8,9]) Let R% be a dominance relation.

(1) R% is reflexive, transitive, but not symmetric, so it is not an equivalence relation.

(2) IfB C A, then Ry C R5.

(3) IfB C A, then [x;15 C [xi]53

@) Ifxj € [xi]5, then [x;15 € [xi]5 and [x;]5 = U{lx;]5|x; € [x;]5).

S (x5 = x5 iff f(xi,a) = f(xj,a) foralla € A.

(6) |[x,>]§| > 1 forany x;j € U.

7 U/R% constitute a covering of U, i.e., for every x € U we have that [x]% # ¢ and
Usev Tz = U.

where | - | denotes cardinality of the set.
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172 W.-h. Xu et al.

For any subset X of U and A of 7=, the lower and upper approximation of X with respect
to a dominance relation R% could be defined as following [8]:

RE(X) = {x € UllxI5 € X}
RE(X) = {x € Ullx]3 N X # ¢).

where [xi]ﬁ ={x; € U|fi(x;) < fi(xi),Ya; € B}.

From the above definition of rough approximation, the following important properties
in ordered information systems have been proved, which are similar to those of Pawlak
approximation spaces.

Proposition 2.2 (See [10]) Ler = = (U, A, F) be an ordered information systems and
X C U. The rough approximation can be expressed as union of elementary sets. That is to
say the following holds.

RE(X) = [ J{Ix]5 115 < X%

xeU

R5(X) = |JIXIZI6IE N X # ¢).

xeU

Proposition 2.3 (See [10]) Let 7= = (U, A, F) be an ordered information systems and
X,Y C U, then its lower and upper approximations satisfy the following properties.

(1) R5(X) S X S R{(X).

@) R5(XUY) = R5(X)UR5(Y);
RF(XNY)=R7(X)NRF(Y).

(3) R5(X)UR5(Y) S R5(XUY);
RE(XNY) S RE(X) N RE(Y).

@) RE(~X) =~ R5(X);
R (~ X) =~ R3(X).

5) RE(WU)=U; R5(¢) = ¢.

(6) RE(X) = R5(R5(X) = R (R5 (X)),
R5(X) = RE(RF (X)) = RE (R (X)),

(1) IfX C Y. then REZ(X) € R5(Y) and RS (X) € RL(Y).

where ~X is the com?kment ofiX.

Example 2.1 Given an ordered information system in Table 1.
From Table 1 we have
[x115 = {x1. x2, x5, X6},
[x2]F = {x2, x5, X6}
[x315 = {x2, X3, X4, X5, X6},
[x415 = {x4. X6},
[rs]3 = {xs).

[x6]5 = {x6}.
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Table 1 An ordered information

system v . i 3
X1 1 2 1
X 3 2 2
x3 1 1 2
X4 2 1 3
X5 3 3 2
X6 3 2 3

and

[x113 = {x1}.
[x2]3 = {x1, x2, x3},
[x3]3 = {x3},
[x4] = {x3, x4
[xs]3 = {x1, %2, x3, x5},
[x6]5 = {x1, X2, X3, X4, X6
Thus, it is obviously that U/R = {[x115, [x215, [x315, [x4]5, [x5]%, [x6]5 )

And if we let X = {x3, x5, x¢}, then

R%(X) = {x2, x3, X4, X5, X6, }

ﬁ(X) = {xs, x6}.
It is clear that
R5(X) € X € R5(X).

For simple description, in the following context information systems are based on domi-
nance relations generally, i.e., ordered information systems.

3 Evidence theory in ordered information systems

In evidence theory [4,20], for a universe U a mass function can be defined by a map m :
2U — [0, 1], which is called a basic probability assignment and satisfies two axioms:

M1)  m(p)=0
M2) D> mX)=1

XCcU

The value m(X) represents the degree of belief that a specific element of U belongs to set
X, but not to any particular subset of X. A subset X € U with m(X) > 0 is called a focal
element.

We denote by M the family of all focal elements of m. The pair (M, m) is called a
belief structure. Associated with each belief structure in information systems based classical
equivalence relation, a pair of belief and plausibility functions can be derived.
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Definition 3.1 (See [4,20]) Let (M, m) be a belief structure. A set function Bel : 2V —>
[0, 1] is referred to as a belief function on U, if

Bel(X)= > m(Y), VX e2V.
YCcX

A set function PI : 2V — [0, 1] is referred to as a plausibility function on U, if

Pl(X) = Z m(), VX e2V.
YNX#¢

From above, we can shown that a mass function of classical information systems is a
basic probability assignment. However, relations which are induced by attributes sets are
not equivalence relations in ordered information systems. Based on the observation, a mass
function is defined in ordered information systems as follows.

Definition 3.2 Let 7= = (U, A, F) be an ordered information system. If we denote

h(X) = {x e Ullx]5 = X}
forany X € U/R%, then a mass function of Z= can be defined by amap m : U/Ri — [0, 1],
where

_ o

X
m(X) U]

By above definition, we can easily find that a mass function of ordered information systems
still satisfies two basic axioms. In other words, for any X € U/ Ri in ordered information
systems, the following hold directly.

(M1) m(¢) =0
M2) D m(X)=1.

XeU/R

As same as classical information systems we denote by M the family of all focal ele-
ments of m in ordered information systems. The pair (M, m) is called a belief structure
of an ordered information system, and a pair of belief and plausibility functions in ordered
information systems can be constructed immediately.

Definition 3.3 Let 7= = (U, A, F) be an ordered information system, and (M, m) be a
belief structure. A set function Bel : 2V — [0, 1] is referred to as a belief function on U, if

Bel(X)= > m(y), vxe2'
YCX, YeU/RY

A set function PI : 2V — [0, 1] is referred to as a plausibility function on U, if

PI(X) = > m(Y), vXe2Y.
YNX#¢, YeU/RY

Belief and plausibility functions based on the same belief structure are connected by the
dual property:
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PI(X)=1— Bel(~ X)

and furthermore, Bel(X) < PI(X) for all X € 2V.

The following theorems shows that the classical belief and plausibility functions can be
interpreted in terms of the Pawlak’s lower and upper approximations of sets [32].
Theorem 3.1 (See [32]) Let (U, A, F) an information system, for any X € U, B C A,
denoted

IRp(X)|
Belp(X) = W,

Rp(X))
Plp(X) = o1

Then Belp(X)is the belief function and Plp(X) is the plausibility function of U, where the
corresponding mass distribution is

P(Y), ifY € U/Rp;
0, otherwise.

mB(Y):‘

There are strong connections between rough set theory and the Dempster—Shafer theory
of evidence, the detailed description can be found in [22,28,31].

Hence, we can acquire the following results which show that the pair of lower and upper
approximation operators in ordered information systems generates a pair of belief and plau-
sibility functions respectively.

Theorem 3.2 Let 7= = (U, A, F) be an ordered information system, forany X C U, B C
A, denoted

N |RG (X)]
Belz(X) = TT;
pion - K200

Then Belg (X)is the belief function and Pl% (X) is the plausibility function of U, where the
corresponding mass distribution is

L1091, .
mp(Y) = [ o> Y € U/Rg;
0, otherwise.
Proof From [32] we can see that we only prove the following facts.
IRE@
M =g =0
RZ (U
@ oy,
(3) For every positive integer n and every collection X, X»,..., X, C U,
IRF(X1 UXaU---UX,)| > |RG (X)) ¥ IRG (Xi N X))
—_— > — J— —_—
|U] e |U| e U]
IRZ(X1NX2N---N Xyl

:I:---:I:(—])n_H 2
U]

Next, we will give proof of the above.

@ Springer



176 W.-h. Xu et al.

[R5 (X)

N
R (X
oy
CcU,a

satisfies (1) and (2) from Proposition 2.3(5). Consider
according to (2) and (3) of Proposition 2.3, we have

In facts, one can find that
a collection X1, Xp,..., X,

IRZ(X1 UX,U---UX,)l
Ul
IRE(X1)U--- U RF (X
- U]
[R5 (X0 |RG (X:) N R (X))

_B B\ B
=,Z o U]

i<j

|RE(XD) N RE(X2) N -+~ N R (X,
U]
|RZ (X)) IR (X; N X))

K o~ 8B
_Zi: Ul Z]: U]

+...+ ( 1)n+1

IRF(X1NX2N N X,)l
U]

:l: :l: ( l)n+l

Thus, we proved that Bel § (X) is the belief function of U. And one can obtain directly
that Plg(X) is the plausibility function since the duality between Bel% (X) and Plg(X).
So, the theorem was proved. O

Combining Theorem 3.2 and Proposition 2.3, we have the following corollary.

Corollary 3.1 Let I= = (U, A, F) be an ordered information system and C C B C A,
then for any X C U,,

X
Bel&(X) < Belz(X) < :7: < PI5(X) < PIZ(X).

Example 3.1 From Example 2.1, for X = {x3, x5, x¢}, we have got

=

=
B

(X) = {x2, x3, x4, X5, X6},
(X)

= {xs, x6}.

So, we can calculate

IRT(O|

Bel>(X) = ——— = —,
el (X) U] 3
P (x) < RAOL S
AT U 6
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Another, if let B = {a;} C A, we have

[x115 = {x1, X2, X3, X4, X5, X6},
[x2]5 = {x2, X5, X6},

[x3]5 = {x1, X2, X3, X4, X5, X6},
[x4]5 = {x2. x4, x5, X6},

[x5]5 = {x2. X5, X6},

>~
[x6l5 = {x2, x5, X6},

and
[x113 = {x1. x3},
[x2]3 = {x1. X2, X3, X4, X5, X6},
[x313 = {x1. x3},
[x4]3 = {x2. X3, x4},
[xs513 = {x1, X2, X3, X4, X5, X6},
[x6]3 = {x1, X2, X3, X4, X5, X6},
So
RZ(X) = {x1, x2, X3, X4, X5, Xe},
R (X) = ¢.
Thus, we get
[R5 (X)|
Bel5(X) = ——— =0,
i U
[R5 (X0
PI5(X) = —2— =
b U
Hence, the following is obvious.
|X|

Bel3(X) < Bel5(X) < Tl < PI5(X) < PI5(X).

4 Attributes reduction in ordered information systems

In this section, we discuss the attribute reduction in ordered information systems by propos-
ing the concepts of belief and plausibility reductions in ordered information systems, and
compare them with the existing classical reduction.

Definition 4.1 Let 7= = (U, A, F) be an ordered information system, then

(1) an attribute subset B C A is referred to as a classical consistent set of Z= if RE = R%.
Moreover, if B is a classical consistent set of Z= and no proper subset of B is a classical
consistent set of ZZ, then B is referred to as a classical reduct of ZZ.
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(2) an attribute subset B C A is referred to as a belief consistent set of 7= if Belg (X) =
Belf (X) forany X € U/ R%. Moreover, if B is a belief consistent set of 7= and no
proper subset of B is a belief consistent set of Z=, then B is referred to as a belief reduct
of 7=.

(3) anattribute subset B C A isreferred to as a plausibility consistent set of Z= if Pl% (X) =
Pli(X ) forany X € U/R i. Moreover, if B is a plausibility consistent set of Z= and
no proper subset of B is a plausibility consistent set of 7=, then B is referred to as a
plausibility reduct of Z=.

Theorem 4.1 Let 7= = (U, A, F) be an ordered information system and B C A. Then the
following holds.

(1) B is a classical consistent set of = if and only if B is a belief consistent set of =.
(2) B is a classical reduction of = if and only if B is a belief reduction of T=.

Proof (1) Assume that B is a classical consistent set of Z=. For any X € U/Rf, since
[x]g = [x]i for all x € U, we can have

[x]5 € X <= [x]7 € X.
Then by the definition of lower approximation we have
x € R5(X) <= x e R7(X), xeU.
Hence RE (X) = R% (X) forany X € U/Ri. By Theorem 3.2, it follows that Bel§ (X) =
Bel5(X) forany X € U/R3.

Thus B is a belief consistent of 7=
Conversely, if B is a belief consistent set of Z=, that is,

Belg(X) = Bel%(X), forany X € U/R%;

Bel; ([x]13) = Bel5([x]5), foranyx € U.
Then for any x € U we have
IRT(XIDI IR (x1D)]
o T U
By Corollary 3.1 and Proposition 2.3, we obtain

RE(Ix15) = R5([x]5), forallx € U.
So by the definition of lower approximation we have
{13 € x5} = {vIy]5 S [x15} . forallx € U.
That is to say
[y]5 € [x]5 < [y]5 C [x]5, forallx,y e U. )

In Eq. (¥), we let y = x, then obtain [x]/f C [x]% = [x]g - [x]i. Hence, we have

[x]% - [x]i for all x € U. Therefore, by Proposition 2.1 we conclude that [x]% = [x]i for
any x € U.

Thus B is a classical consistent set of 7=.
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(2) It follows immediately from (1).
Thus the proof is completed. O

Definition 4.2 Let 7= = (U, A, F) be an ordered information system and U/R; =
{CF,C5,...,CF}, denote

t
M =" Bel5(C7).

i=1

Then M is referred to as belief sum of Z=.
By above definition, we can have the following theorem.

Theorem 4.2 Let 7= = (U, A, F) be an ordered information system and B C A. Then the
following holds.

(1) B is classical consistent set of T= if and only ifZ;zl Bel% (CI.Z) =M.
(2) B is a classical reduction of I= if and only if Zle Belg (Ciz) = M, and for any
nonempty proper subset B' C B, > i_, Belg,(C?) < M is true.

Proof (1) By the Theorem 4.1, we know that B is a classical consistent set of Z= if and only
if B is a belief consistent set of Z=. Thus B is classical consistent set of Z= if and only if
> _1| Belz(CF) =_| Bel5(C7). Thatis to say B is classical consistent set of 7= if and
only if Y°!_, Bel5(C7) = M.

(2) It can be obtained from (1) and Definition4.1. ]

Example 4.1 Let consider the system in Example 2.1. Denote
CP = [x115 = {x1, x2, x5, X6}
C5 = [x2]5 = {x2. x5, x6};
C5 = [x3]5 = {x2, x3, x4, X5, X6}
Ci = [xa]5 = {x4, x6}:
Cs = [xs]3 = {xs);
Cé = [x6l7 = {x6}.

So it can be calculated that

16

6
M= Bel3(CF) = <

i=1

Let B = {ay, a3}, we have
[x115 = {x1, x2, x5, X6},
[x2]5 = {x2. x5, X6},
[x315 = {x2, X3, x4, x5, X6},
[x4]5 = {x4. X6},
[xs]5 = {xs),

[x6]5 = {x6},
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Table 2 Another ordered

information system v a az az
X1 1 3 1
X2 2 1 2
X3 3 2 3
X4 1 2 2

So
6 6 |RF(CP)
B i 16
> Belj(Cry=) ———=—.
i=1 i=1 |U| 6

On the other hand, it can be computed that

6 7 6 5
= (c= = oz

D Belig, (€)= ¢ D Belg, (C7) =2,

i=1 i=1

6 n 12
> > > -

Z Be‘l{Tll,az}(Ci_) = s z Bel{?ll,tn}(ci_) = 6

i=1 i=1

Hence, from the above and Theorem 4.2 we can see that {a;, a3} is the unique belief reduction
of Z=. It can also be calculated by the discernibility matrix method [27] that the system has
the unique classical reduction {ay, a3}.

Theorem 4.3 Let 7= = (U, A, F) be an ordered information system and B C A. If B is a
classical consistent set of =, then B is a plausibility consistent set of T*=.

Proof Assume that B is a classical consistent set of Z=. For any X € U/R%, since [x]% =
[x]i for all x € U, we can have [x]g = [x]f, Thus, we know

XI3NX #¢ < [XI;NX # 6.
Then by the definition of upper approximation we have
X € R5(X) <= x € R5(X), xeU.
Hence FE(X) = Rii(X) forany X € U/Ri. By Theorem 3.2, it follows that Plg X) =
PI5(X) forany X € U/R7.

Thus B is a plausibility consistent of Z=.
The proof is completed. O

This theorem shown the classical consistent set is the plausibility consistent set in the
ordered information systems. However, the reversion of Theorem 4.3 does not hold. And we

can show this fact by the following example.

Example 4.2 Table 2 gives another ordered information system, let consider the system.
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Attribute reduction in ordered information systems based on evidence theory 181

If we denote A = {ay, az, az} and B = {ay, a3}, then from Table 2 we have

CE=[nl; ={x}h
C; = [nl; = {x2, x3);
C§ = [x3]5 = {x3h:
Ci = lxal = (x3, xa).

Thus we can obtain

<
[x1]3 = {x1, x2, x3, x4};
=<
[x2l7 = {x1, x2, x4};
<
[x3]3 = {x1, x2, x3, x4};

=<
[x4ly = {x1, x2, x4}

and
R5(CT) = {x1, %2, 53, xa);
R5(C5) = {x1, %2, 53, xa);
R5(CY) = {x1, x3);
R5(CF) = {x1, %2, 53, xa).
So

PIF(CT) =1, PI5(Cy) =1,
1
PIZ(Cy) = 3 PIZ(CT) = 1.
On the other hand, we have
[x115 = {x1};
[x2]5 = {x2, x3, x4};
[x3]5 = {x3};
[x4]5 = {x3, x4}
Thus we can calculate
PIZ(CT) =1, PIZ(CT) =1,
1
PIZ(Cy) = X PIZ(CT) = 1.

Hence, we can see that B = {ay, a3} is a plausibility consistent set of the system. But it is
not a classical consistent set of the system, because R% #* Ri.

5 Conclusion

It is well-known that rough set theory has been regarded as a generalization of the classical

set theory in one way. Furthermore, this is an important mathematical tool to deal with uncer-
tainty. In this article, we have introduced the notions of belief and plausibility reductions in
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ordered information system and examined the relationships between new concepts of reduct
and the classical reduct. Moreover, we have proved that an attribute set in ordered informa-
tion system is a classical reduct if and only if it is a belief reduct. Though an attribute set in
classical information system is a belief reduction if and only if it is a plausibility reduct [25],
we have shown that the belief reduct and plausibility reduct in ordered information system
are different concepts. In this paper, we only discussed the issue of attribute reduction by the
theory of evidence in ordered information system without decision. We will investigate their
application for knowledge acquisition in the form of rule induction in our further study.
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